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ABSTRACT. We investigate global uniqueness for an inverse problem for a non-
local diffusion equation on domains that are bounded in one direction. The
coefficients are assumed to be unknown and isotropic on the entire space. We
first show that the partial exterior Dirichlet-to-Neumann map locally deter-
mines the diffusion coefficient in the exterior domain. In addition, we introduce
a novel analysis of nonlocal Neumann derivatives to prove an interior deter-
mination result. Interior and exterior determination yield the desired global
uniqueness theorem for the Calderén problem of nonlocal diffusion equations
with time-dependent coefficients. This work extends recent studies from non-
local elliptic equations with global coefficients to their parabolic counterparts.
The results hold for any spatial dimension n > 1.
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1. INTRODUCTION

The research of inverse boundary value problems has become an active field in
applied mathematics since Calderén published his pioneering work “On an inverse
boundary value problem” [Cal06]. Calderén asked the following question: “Can one
determine the electrical conductivity of a medium by using boundary measurements
of voltage and current?” This problem is referred as the Calderén problem in the
literature. The mathematical setup is to consider a bounded domain 2 C R”™
with sufficiently regular boundary 0f2, representing a conducting medium, and a
positive function y(z) > 0 on  which is its a priori unknown conductivity. It
is known that sufficiently regular conductivities are uniquelly determined by the
information of current and voltage measurements on the boundary. In other words,
~ can be recovered when the Cauchy data {u|aQ, 7%‘ BQ} is given, where u solves
the conductivity equation

(1.1) div (yVu) =0 in Q.

The Calderén problem was first solved by [SU87] in space dimension n > 3, where
the authors demonstrated the fact that the conductivity can be determined uniquely
by the Dirichlet-to-Neumann map (DN map, u|go — ’y%) of the conductivity equa-
tion (1.1). After some years, the same result has been showed in space dimension
n = 2 in [Nac96] and later for conductivities which are only uniformly elliptic
[AP06].

Recently, the studies of Calderén type inverse problems have been considered
for nonlocal operators as well. A prototypical example is the inverse exterior value
problem for the fractional Schrodinger operator (—A)® + ¢(z) which was first in-
troduced and solved in [GSU20]. The main tool in solving this Calderén problem
is based on a suitable unique continuation property (UCP) and the closely related
Runge approzimation. By applying similar ideas, one can solve several challeng-
ing problems which some still stay open in the corresponding local cases. This
shows that nonlocal inverse problems take advantages from the nonlocality of the
underlying operators. For further details we refer to [BGU21, CMR21, CMRU22,
Cov20, GLX17, CL19, CLL19, CRZ22, CLR20, FGKU21, HL19, HL20, GRSU20,
GU21, Gho21, Lin22, LL.22a, LL22b, LLR20, LLU22, KLW22, RS20a, RS18, RZ22a,
RZ22¢, RZ22b] and the references therein. We emphasize that most of these works
consider nonlocal inverse problems in which one wants to recover lower order coef-
ficients. On the other hand, in the articles [Cov20, GU21, LLU22, RZ22¢, RZ22b,
RZ722a) the authors study nonlocal inverse problems where one is interested in de-
termining leading order coefficients and hence they can be seen as full nonlocal
analogies of the classical Calderén problem.

1.1. Mathematical modeling and main results. Let 2 C R™ be an open set
bounded in one direction for any n € N, and consider the initial exterior value
problem of the variable coefficient nonlocal diffusion equation

0w+ divs (0, Vu) =0 in Qp,
(1.2) u=f in (Qe)r,
u(z,0) =0 in Q,
where €2, := R™\ Q denotes the exterior of 2,0 < T' < oo and 0 < s < min(1,n/2).

Throughout this work, let us assume v € L>®(R7,) is a uniformly elliptic conduc-
tivity, i.e., there exists a constant y9 > 0 such that

(1.3) 0 < <v(x,t) <t for (2,t) € RE.
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In addition, let us denote ©.(z,y,t) := v*/2(2,t)vY/%(y,t)1,xy for z,y € R to be
the conductivity matrix. Moreover, we always use the notation

AT =Ax (07T)

to denote the space time cylinders, where A C R™ can be any set.

In this work, we are interested in the determination of the conductivity y(x,t) in
R?%. for the nonlocal diffusion equation (1.2). Assuming the well-posedness of (1.2)
at the moment (the proof will be given in Section 3), we can define the DN map
via

nS 1/2 :L‘ 1/2
(14) < va / /Rgn t (y7 )
(ug(z,t) —us(y, 1) (g(x,t) — 9(y, 1))

o — g dxdydt,
for all f,g € C°((Qe)r), where
4°T'(n/2 4+ s)
15 C, =22 2ts)
(15) * = (=)

is a constant and wuy is the unique solution of (1.2). More precisely, we ask the
following question:

Question 1. If we have given conductivities v1, Y2 in a suitable function space
such that Ay, flowy)r = Mo flows)y, for all f € C2((Wh)r), where Wi, Wa C €,
are given nonempty open sets, does there hold v; = o in RT}.?

In the limiting case s = 1, this problem and its generalizations has been stud-
ied, for example, in [CKO1] or [Fei22]. In these works, the authors determine
the coefficients for heat equatlons for any spatial dimension n > 2 by using the
corresponding boundary measurements, where they allow an additional uniformly
elhptlc coefﬁment p in front of the time derivative. On the other hand, in the works
8, KSY18], the inverse problem for the diffusion equation with fractional
time derivative has been studied.

Next, let u; be the solution of

Opuj + dive(0,,Viu;) =0 in Qr,
(1.6) u; = f in (Qe)r,
u;(2,0) =0 in €2,

and denote the exterior DN map of (1.6) by A,,, for j = 1,2. Our first theorem
shows that the exterior DN maps have a unique continuation property. The proof is
based on a spacetime Liouville reduction, which reduces the problem to a diffusion
Schrédinger type inverse problem. By applying the Runge approximation property
for certain equations, we can prove the uniqueness of the conductivity . The
argument however requires the Alessandrini identity as well as the use of the UCP
of the fractional Laplacian twice, once in H*® and once in H?%2s, the latter using
a general UCP result in [YP:?Z] See Theorem 5.2 for a further information why
earlier approaches that work well in the elliptic case lead into additional challenges
in the studied parabolic case. In particular, the parabolic, fractional, Liouville
reduction introduces new zeroth and first order coefficients with respect to the
time derivative. This being a new and non-stardard equation to be investigated
further in our present work, in comparsion to the elliptic case which reduces to a
standard elliptic problem of the type (—A)® + q.



4 Y.-H. LIN, J. RAILO, AND P. ZIMMERMANN

Theorem 1.1 (Global uniqueness). Let @ C R™ be an open set bounded in one
direction, 0 < T < 00, 0 < s < min(1,n/2), v > 0 and W C Q. be an open set.
Assume that 7yj € s, (R2) N C®(Wr)! for j =1,2. Then

(1.7) Ay fly, = Do fly, » for any [ € C°(Wr),
implies that v1 = v2 in RT.

In order to prove Theorem 1.1, we first need to establish an exterior determina-
tion result. This extends the results in [C , R7Z22¢] for elliptic equations and
is based on a construction of special solutions to the equation (1.2) whose energies
can be concentrated near a fixed point in the spacetime. Furthermore, to our best
knowledge, Theorem 1.1 is the first result to recover time-dependent coefficients in

the nonlocal setup.

Theorem 1.2 (Exterior determination). Let & C R™ be an open set bounded in
one direction, 0 < T < 00, 0 < s < min(1,n/2), 70 > 0 and W C Q. be an open
set. Assume that v; € I's 1, (R}) for j =1,2. Then (1.7) implies that y1 = 72 a.e.
mn WT.

Ideas of the proof. Let us briefly summarize the ideas of the proof of Theorem
1.1. We first prove the exterior uniqueness by using the exterior information from
(1.7) such that 73 = 72 in Wp. Next, consider arbitrary nonempty disjoint open
subsets Wi, Wo C W C €., then Theorem 1.2 implies that ;3 = v2 in (W7 U Wa)p.
We next introduce the nonlocal Neumann derivatives
12 1/2 u(z,t) —u(y,t)
Ny (@, t) = Cs / PP )= e (@0 € Qo

for j = 1,2, where C,, 5 is the constant given by (1.5). In particular, we can prove
that

(1.8) (N5, f,9) = (Na, frg), for any fe C((Wi)r) and g € C((W2)1),

whenever (1.7) holds (see Lemma 6.6).

Meanwhile, we introduce the spacetime Liouville reduction, which transfer the
nonlocal diffusion equation (1.2) into a Schrédinger type equation (see (5.3)). By
utilizing the identity (1.8) and the Liouville reduction, we can derive a suitable in-
tegral identity (see Section 7.1). Now, applying the Runge approximation (Propo-
sition 7.3), we can prove the interior uniqueness y; = 7y, in Qp and (fA)S(fyi/2 -
721/ 2) =0 in Q7. Finally, using the UCP we can conclude the proof. We want to
emphasize again that our theorems hold for any spatial dimension n € N.

1.2. Organization of the article. We first recall preliminaries related to function
spaces and nonlocal operators in Section 2. In Section 3, we show well-posedness
of the forward problem (1.2) and define the exterior DN maps. We prove the
exterior determination by using (1.7) in Section 4. In Section 5, we introduce the
spacetime Liouville reduction, which transfer the equation (1.2) into a Schrédinger
type diffusion equation (5.3). We also study the well-posedness for the reduced
equation. In Section 6, we introduce a nonlocal Neumann derivatives for both
equations (1.2) and (5.3). Finally, we prove the global uniqueness in Section 7.3 by
deriving suitable integral identities and an approximation property. In Appendix
A, we discuss and explain several connections between DN maps and nonlocal
Neumann derivatives.

IThe set T's 1, (R%) is defined by (3.20) in Section 3.
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2. PRELIMINARIES

Throughout this article the space dimension n is a fixed positive integer and
Q0 C R" is an open set. In this section, we introduce fundamental properties of
function spaces and operators which will be used in our study.

2.1. Fractional Sobolev spaces. We denote by . (R™) and .#’(R™) Schwartz
functions and tempered distributions respectively. We define the Fourier transform
F: ZR") —» Z(R") by

FfE) = . f(x)e ¢ da,

which is occasionally also denoted by f ,and i = +/—1. By duality it can be extended
to the space of tempered distributions and will again be denoted by Fu = @, where
u € .#"(R"), and we denote the inverse Fourier transform by F~!. Next recall that
the fractional Laplacian of order a > 0 as a Fourier multiplier

(=8)"2u = FH(g]" a(€)),
for u € /(R™) whenever the right hand side is well-defined. Given a > 0, the
L2-based fractional Sobolev space H*(R") := W*2(R") is given by

a/2

el o gny = Nl Z2ny + 1(=2)*"2ullL2 gny -

In addition, the Parseval identity implies that the seminorm ||(—A)%/2

be expressed as

ul| L2 (rny can

=)l aany = (—8)"u,w) gy
By duality one extends the spaces H*(R™) to the range a < 0. If Q@ C R™ is an
open set and a € R, then the fractional Sobolev spaces are defined by
H(Q) :={ulo; ue H*(R")},
H(Q) := closure of C°(Q) in H*(R").
Meanwhile, H*(£2) is a Banach space with respect to the quotient norm
|ull tra () = inf {||U]| ge@ny; U € H*(R™) and Ulg = u} .

2.2. Bessel potential spaces. Next, we introduce the Bessel potential spaces
H*P(R"™) and two local variants of them, namely H*? () and H*?(£2). The Bessel
potential of order s € R is the Fourier multiplier (D)* : .%/(R") — ./(R") given
by

(D)"u = FH((€)" ),
where (£) = \/W is the Japanese bracket. Now for any 1 <p < oo and s € R
the Bessel potential spaces H*P(R") are defined by
H*P(R") :={ue S (R"); (D)’ue LP(R") }
and they are equipped with the norm ||ul|gsp@n) := [|{(D)” ul|rrn). The local

Bessel potential spaces H*?(€2) are now defined as the closure of C2°(€2) in H*?(R"™)
and endowed with the norm inherited from H*P(R"™). Moreover, we denote by
H?®P(Q) the space of restrictions from elements in H*P(R"™) to Q and endow it with
the related quotient norm

|wll grev () == inf { ||U]| graony ; U € H¥P(R™), Ulg = u } .
We have that (H5?(Q))* = H=*F (Q) and H*?(Q) = (H=*7 (Q))* for every 1 <

p < oo and s € R. As usual, when p = 2, then we drop the index p in the above
notations and see that they are isomorphic to the spaces introduced in Section 2.1.
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2.3. Some properties of nonlocal operators. It is known that the fractional
Laplacian induces a bounded linear map (—A)*/2: H4P(R™) — H'~=*P(R") for
every 1 < p < oo, s>0andt e R. Next, we introduce a special class of unbounded
open sets which have a fractional Poincaré inequality:

Definition 2.1. (i) We say that an open set Qoo C R™ of the form Qo =
R % x w, where n > k > 0 and w C R* is a bounded open set, is a
cylindrical domain.

(ii) We say that an open set Q C R™ is bounded in one direction if there exists a
cylindrical domain Qoo C R™ and a rigid Fuclidean motion A(x) = Lx+x,
where L is a linear isometry and xo € R™, such that Q C AQ.

Proposition 2.2 (Poincaré inequality (cf. [RZ22b, Theorem 2.2])). Let Q@ C R"
be an open set that is bounded in one direction. Suppose that 2 < p < oo and
0<s<t<oo,orl<p<2, 1<t<ooand0 < s <t Then there exists
C(n,p,s,t,Q) >0 such that

1(=2)"2ul Lo @n) < ClI(=2)"?ul| Lo @n)
for all u € H*().

For the rest of this article we fix s € (0,1). The fractional gradient of order s
is the bounded linear operator V*: H*(R") — L?(R?*";R") given by (see [Cov20,

Cn,s u(x) - u(y)

s R _
V u(.’L‘,y) T 2 |{,C _ y|n/2+3+1 (.’17 y)7

which satisfies
(2.1) 19l aaony = I=A)2ull g2y < Nl

for all u € H*(R™), where C), s is the constant given by (1.5). The adjoint of V*
is called fractional divergence of order s and denoted by divs. More concretely, the
fractional divergence of order s is the bounded linear operator

div,: L*(R*™;R") — H*(R"™)

satisfying
(divs u, v) s (Rr)x 7o (Rr) = (U, V) 12(R2n)

for all u € L2(R?";R"),v € H*(R"). One can show that (see [RZ22b, Section 8])

| divs(w)llzr—s®n) < llullL2ren)
for all u € L*(R?*";R"), and also

(—A)Yu = dive(Vou)

weakly for all uw € H*(R™) (see [Cov20, Lemma 2.1]).
2.4. Bochner spaces. Next, we introduce some standard function spaces for time-
dependent PDEs adapted to the nonlocal setting considered in this article. Let X

be a Banach space and (a,b) C R. Then we let LP(a,b;X) (1 < p < co0) stand for
the space of measurable functions u: (a,b) — X such that

b 1/p
(2.2) lull Lo(ap;x) == </ [l (t)|% dt) < 00

and L*(a,b; X) the space of measurable functions u: (a,b) — X such that

lull oo (ap;x) := Inf{ M ; |lu(t)|]|x < M a.e.} < oo.
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As usual, we say that v € L} (a,b;X) if xxu € LP(a,b; X) for any compact set
K C (a,b), where x4 denotes the characteristic function of the set A.

Moreover, if u € L}, (a,b; X) and X is a space of functions over an open set
Q2 C R, as LP(Q), then u is identified with a function u(x,t) and u(t) denotes
the function Q@ > 2 — wu(z,t) for almost all . This is justified from the fact,
that any v € L9(a,b;LP(Q)) with 1 < ¢,p < oo can be seen as a measurable
function u: Q x (a,b) — R such that the norm ||ul| fa(a,p;1r(0)), as defined in (2.2),
is finite. Clearly, a similar statement holds for the spaces L4(a,b; H*P(R™)) and
their local versions. Furthermore, the distributional derivative % € 9'((a,b); X)
is identified with the derivative dyu € 2'(Q x (a,b)) as long as it is well-defined.
Here 2'((a,b); X) stands for all continuous linear operators from C2°((a, b)) to X.
Given two Banach spaces X,Y such that X < Y, we say u € L?(a,b; X) has a
(weak) time derivative u’ := 2% in L?(a,b;Y) if there exists v € L?(a,b;Y) such
that

b b
(W) o= — / w(t) (1) dt = / ot)n(t) dt
for n € C°((a,b)) (cf. [DLI2]).

3. THE FORWARD PROBLEM OF NONLOCAL DIFFUSION EQUATION

In this section, we study the well-posedness of the initial exterior problem (1.2)
with possibly nonzero initial condition ug and the properties of the related DN
maps. We start by setting up the relevant bilinear forms and then define the notion
of solutions used throughout this article, which is in parallel to the theory developed
for second order parabolic equations (see e.g. [LSU88, Lad85]).

Definition 3.1 (Definition of bilinear forms and conductivity matrix). Let Q C R®
be an open set, 0 < s < min(1,n/2), v € L>°(R%). Then we define the conductivity
matriz associated to vy by

O,: R?™ x (0,7) - R™",  O,(z,y,t) = 71/2(x,t)'71/2(y7t)1nxn

forx;y € R™, 0 <t < T and the following time-dependent bilinear form for the
fractional conductivity operator

B,(t;-,-): H*(R") x H*(R") = R,
(3.1) s s
By (t;u,v) = . O,()Viu - Vv dzdy.

R n
Moreover, if m., € L>(0,T ; H**3: (R™)), where m,, denotes the background devi-
ation
(3.2) my =% =1 in R,
then we let g, (t): H*(R™) x H*(R™) — R be defined by
(=4)'m

(g4 (D)u, v) = — <1/2WU7“ ;
v L2(R™)

for u,v € H¥(R™). In this case we define the time-dependent bilinear form for the
related fractional Schrédinger operator with potential g.,:

By, (t;--): HY(R™) x H'(R") = R,
By, (t;u,v) ::/ (—A)S/Qu(—A)S/%da@—i—/ ¢y (t)uv dx
n R’n

for all u,v € H*(R™).
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Remark 3.2. If no confusion can arise we will drop the subscript v in the definition
for the conductivity matriz ©.(t). Moreover, the boundedness and coercivity of these
bilinear forms is established in Lemma 3.3.

Lemma 3.3. Let 0 < s < min(1,n/2) and suppose v = ~y(z,t) € L®(R}) is
uniformly elliptic satisfying (1.3). If the background deviation m. of v satisfies
m., € L>(0,T; H**325 (R")), then there exists C > 0 such that

(3.3) |By (5 u,v)| < 17l Loo oy 1l s ey [[0]] 225 (7
and
| Bg, (t5u,0)| < Cllull sy 0] 2 (-

Moreover, if {2 C R"™ is an open set which is bounded in one direction, then the
bilinear form B, (t;-,-) is uniformly coercive over H*(Q2), that is, there exists ¢ > 0
such that

(3.4) By (t;u,u) 2 cllulf g
for allu € H*(R™) and a.e. 0 <t <T.

Proof. Throughout the proof we will write m and ¢ instead of m., g,. The estimate
(3.3) follows immediately from (2.1). Next note that by [RZ22b, Lemma 8.3], the
uniform ellipticity of 7 and the boundedness of the fractional Laplacian there holds

1By(t3u,0)] < € (14 Mt 2 oy ) Mallze gy 10l ey

< C (14 I oo gy ) Nllzreqaey ol e

1/2
< O (1 1l o o128 oy ) Il o 10l 2o .

The uniform coercivity estimate (3.4) of B, (t;-,-) follows by the uniform ellipticity
of 7, (2.1) and the Poincaré inequality, cf. Proposition 2.2. O

Definition 3.4 (Weak solutions). Let Q@ C R™ be an open set, 0 < T < oo,
0 < s < 1 and assume that v € L>®(R%) is uniformly elliptic. Let ug € L?*(),
f e L20,T; H(R")) and F € L2(0,T; H—*()).

(i) We say that u € L*(0,T ; H*(R™)) solves the nonlocal diffusion equation
(3.5) Owu+divs(©,Viu) =F in Qrp,

if the equation is satisfied in the sense of distributions, that is, there holds

T
B, (u,¢) ::—/Q u@tcpdmdt—l—/o By (t;u, @) dt = (F,p)

for all o € CX (1), where (-,-) denotes the natural duality pairing.
(ii) We say that u € L°(0,T; L*(2)) N L2(0, T ; H*(R™)) solves
Oru+divs(©,Vou) =F  in Qp,
(3.6) u=f in (Qe)T,
u(0) = ug in Q,

if the exterior value f is attained in the sense u— f € L*(0,T ; H*(Q)) and
there holds

B, (u,¢) = (F,g) + /Q up ()0 (,0) da

for all o € C*(2 x [0,7)).
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Remark 3.5. Let us briefly explain why we prescribed the initial condition in
L?(Q) and not in L*(R™). One knows that there holds (H*(2))* = H~*(Q) for
any s € R and any open set & C R™. On the other hand, by density of C°(r)
in L2(0,T; H*()) the equation (3.5) implies that dyu can be identified with an
element in L?(0,T; H~*()). By the trace theorem [DL92, Chapter XVIII, Sec-
tion 1.2, Theorem 1] this implies u € C([0,T]; L*(Q2)). Thus, u € L>(0,T; L*(Q))N
L2(0,T; H*(R™)) is a solution to (3.6) if and only if u € L*(0,T; H*(R™)) with
dyu € L2(0,T ; H5(K2)) solves (3.5) in the sense of distributions, u—f € L2(0,T ; H*(12))
and there holds u(0) = wug in the sense of traces. By approzimation one sees
that w € L*>(0,T;L*()) N L*(0,T; H*(R™)) is a solution of (3.5) if and only
if u € L?(0,T; H*(R™)) with Oyu € L*(0,T ; H=*(Q)) satisfies

(Oru, ) - () o) + Br(t50,90) = (F (1), ) s ) x 1 (02)
for all o € H*(Q) in the sense of distributions on (0,T), u(0) = uy and u — f €
L2(0,T; H*()).
Theorem 3.6 (Well-posedness of the forward problem). Let Q C R™ be an open
set bounded in one direction, 0 < T < o0, 0 < s < min(1,n/2) and assume
that v € L>=(R%) is uniformly elliptic. Assume that F € L*(0,T;H%(Q)), f €
L2(0,T; H*(R™)) with 8,f € L2(0,T; H—*(R™)) and ug € L%().
(i) Then there exists a unique solution v € L>(0,T ; L*(Q))NL*(0,T ; H*(R™))
and Oyu € L2(0,T; H=*(Q)) of
O+ divs (0,Vu) =F  in Qp,
(37) u = f m (Qe)Ta
u(0) = ug in Q
satisfying the energy estimate
Ju— f”%DQ(O,T;L?(Q)) + flu— fH%Z(O,T;HS(]R")) + (|0 (u — f)”%?(O,T;H*S(Q))
(3.8) <C (||U0||2L2(Q) FF O Z20) + IE 20,0 022y T 10ef I T20,7 31—+ 02))
| dive (O, 9" ) [F0.1 -2 )

for some constant C > 0 independent of F, f and ug.

(ii) If additionally the conductivity v satisfies m~ € L>(0,T ; H**35 (R™)) with
Oy € L®°R%), F € L*(Qr), f € HY(0,T;L*(R")) N L*(0,T; H*(R™))
and ug € H*(R™) such that ug — f(0) € H*() then the unique solution u
to (3.7) satisfies u € L>(0,T ; H*(R")), Oyu € L?(Qr) and

10 (u — F)F2000) + 1t = FllZe 0715 )
39) <O (ol @ + 1F 120
Jer(O)”%{S(R") + ||6tfH%2(QT) + Hf||2L2(o,T;H2s(Rn))) )

for some C > 0 independent of the data F, f and ug.

Remark 3.7. If F = ug = 0, let us denote the unique solution of (3.7) by uys for
simplicity.

Proof of Theorem 3.6. (i): By the regularity assumptions on the exterior value f
and the trace theorem [DL92, Chapter XVIII, Section 1.2, Theorem 2|, we see
that w € L>=(0,7; L?(2)) N L2(0,T ; H*(R™)) is a solution of (3.7) if and only if
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u=u—f€L>®0,T;L*Q))NL*0,T;H*(R")) solves the homogeneous problem

8 + div, (0,V°) = F  in Qr,
(3.10) =0 in (Qe)r,
a(0) = o in Q,

with @ = ug — f(0) € L*(Q) and
Fi=F —8,f —dive(0,V*f) € L*(0,T; H*(Q)).

Note that by Remark 3.5 this means that @ € L>(0,T ; L%(Q)) N L2(0,T; H*(1))
satisfies

(O, ‘P>H—s(g)xf1s(g) + B’y(t;av @) = (F(t), ¢>H—s(g)xﬁs(g)

for all ¢ € H*(2) in the sense of distributions on (0,T), %(0) = %iy. Now one can
construct the solution u by the classical Galerkin approximation. In fact, using
Lemma 3.3 we deduce from [DL92, Chapter XVIII, Section 3.1-3.2, Theorem 1
and 2] that this problem has a unique solution @ € L2(0,T; H*()) with ;i €
L?(0,T; H=%(9)). Hence, our solution to the original problem is u = @ + f.

Next we prove that this solution is the unique solution to (3.7). Assume there are
two solutions u,v € L>(0,T; L*(2)) N L2(0,T; H*(R™)) to (3.7) then w :=u — v
solves

Ow + divs (0,Vw) =0 in Qp,
w=20 in (Qe)Ta
w(0) =0 in Q.

But this means by approximation and integration by parts that there holds

T T
/ (Orw, Y)ndt + / B, (w,)ndt =0
0 0

for all o € H*(Q), n € C=°((0,T)) and hence
(Opw, ) + By (w,0) =0

for a.e. t € (0,T). Hence, replacing ¢ by w(t) € H*(2) and integrating the resulting
equation over (0,7T) gives

w(T)||?, T
”()2”L(Q) +/ By (w,w)dt = 0.
0

Here we used w(0) = 0 in  and the integration by parts formula in Banach spaces.
Using the uniform ellipticity of v and Poincaré’s inequality it follows that w = 0
and therefore © = v in R7..

Next we show the energy estimate (3.8). By [DL92, eq. (3.70)] there holds

| (u — f)(t)||L2(Q) n /t 0,V (u— f)(1)-V(u— f)(7) dxdydr
2 0 R2n

luo — £(0)]2. LB
_lluo ; L2(Q) +/0 <F(7-),(u—f)(T)>Hfs(Q)xHS(Q)dT
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for all t € (0,T). The right hand side can be estimated as

luo — £(0)][7 Y
o > L)) +/ (E (), (w = )T gy xiis o 97

0

(3.11) <ClluollZ2(qy + 17 O)I720)) + IEll 20,712 14 = Fll 20 .o 00
<C(lluollZ2(0y + 1F(O)72(0)) + (IF L2075+ () + 10 f lL2 0,72 (2))
+ [ divs (04 V* )l 20,7 ;-5 2))lu = fllz20,7 1 ®n))-

On the other hand using the uniform ellipticity of v and the fractional Poincaré
inequality, the left hand side of (3.8) can be bounded from below by

[[(w = f)(
2

Dllz2(o) / t ; :
+ O, V> (u— f)(7) - V*(u = f)(7) dedydr
0 JR2n

1w = HBOF20 .
(312) = 2 & + CHV (u - f)||%2(07t;L2(R2n))’
1w = N2 .
> ) (=) 2= 1) g

>e (Il(u = N2 + Ilu = 2y ) -
Hence, combining (3.11) and (3.12) we deduce
lu = FllZ = 0,75220)) + 1w = FllZ2 0,7 1 ey
<C (ol + 17O 2()) +C (1Fz2gor a1y + 106 207 1o
1 divs (0, VIl 20,01+ ()) 1w = FllL2 (0.0 00 @n))-

Next, recall that for all € > 0 and a,b € R there holds the estimate ab < ea? + C.b?,
where C, > 0. Hence, after absorbing the term e|ju — fH%Z(O T Hs(Rn)) ON the left
hand side we obtain

= fllF oo 0,220 + 1w = Fll 220,750 (R
<C (HUOH%Q(Q) + 1 FONZ2) + 1FN200.1:2-20)) + 10:F 1220 7 21-5 02))
] dive (€9 ) F (0.1 ) -
Now, by the equation again, one knows that
(Oc(w =)0 e ywiio@y + Br(tiu = £,0) = (F,0) o () i+ (0

for any ¢ € H* () and a.e. t € (0,7T). Consequently,

<at(u_f)7(p>Hfs(Q)><ﬁS(Q) S|B"/(tau_f7g0)|+ <F?<p>HfS(Q)XfIS(Q) )

Integrating from 0 to T’ and using (L2(0, T ; H*(Q)))* = L*(0,T ; H*(£2)), one can
conclude that ;(u — f) € L*(0,T; H=*(Q)). Since d;f € L*(0,T;H%(Q)) we
obtain dyu € L*(0,T; H*(2)) as desired.

11): Flrst we Sh()W lhal leg ()’] C ’ S L Ql . M()re C()HCI‘etely, we pr()\/e lha(
1here h()ldS

T
| (i@, 9,9 dt| < Clfllao oy lelzzcan)
0

for all ¢ € C°(Qr) and some C' > 0 independent of ¢. This gives already the
claim as then by density divs(©,V*f) can be uniquely extended to an element in
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L?(Qr) such that

(3.13) [ divs(©5 V2 Fll2r) < CllfllLzo,7 ;12 m)).-
Using [RZ22b, Remark 8.8] in every time slice, we obtain

T
/0 (diva(0,V* f), ) dt

T
3.14) = /0 (0.7, V") dt

T
- / (D)2 1), (“AY2(420)) + gy (72 1), 7V 2) d

Now note that by [RZ22b, Corollary A.7] we have v'/2¢ € H*(R").
On the other hand, choosing p; = #-,s1 = 4s,p2 = 2,75 = 22~ as in [RZ22b,
Lemma A.6], using the Sobolev embedding and the monotonicity of Bessel potential

spaces, we deduce that m, f € H?*(R") with

([0 fll mr2s ()

< (I e ey + 161 2,

1/2 1/2
32 o0 2

1/2
<Cllmy oo qany (14 a2 g oy ) I 2.

This in turn shows y/2f € H?*(R") for a.e. t € (0,T) with

1/2
(315) | Flzeqany < (1 s o) (14 s 02 g ) 1l
Additonally, by the Gagliardo-Nirenberg inequality in Bessel potential spaces and
the Sobolev embedding (cf. [CRTZ22, eq. (18)]), we have

1/2 1/2
sl ey < Cllmally 2 o Il ooy

and thus (—A)®m., € L™/*(R"). Applying Hélder’s inequality with p; = n/s,ps =
%,pg = 2, we can estimate

\|qv(’71/2f)71/2<ﬂ”L1(Rn)
<l ey 1211 s g 1720l
1/2
H4S’2%(]R")

1/2 1/2
<C (L Iy 15 g g ) I ey (14 s 2 )

(3.16) <C|m,|| 1770 | oo ey 172 £ Nl 1 ooy o | 22 e

N f s @eyllell L2 @)

where in the third inequality we again used [RZ22b, Corollary A.7]. Now using
Y12 f € H*(R"),v/2p € H*(R™) and the estimates (3.15), (3.16), we obtain by
Holder’s inequality from (3.14) the bound

T T
/0 (diva(0,V° f), ) dt / (Y (217 20) + {0y (42 )7 2 0) di

<C (1 + ||’7HL00(R§L-)) (1 + ||m7||Lw(07T;H4S,ﬁ(R”)))

ez, sm2e oy 1]l 22 (027)-
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On the other hand by definition there holds ug — f(0) € H*(Q). Hence, if we set
as above & = u — f, then we see that it solves (3.10) with ug := uo — f(0) € H*(Q)
and
(3.17) F:=F —8,f —divy(0,V*f) € L*(Qr).
Now we proceed similarly as in [Eval0, Chapter 7, Theorem 5|. For this purpose
let us recall how the unique solution % in [DL92, Chapter XVIII, Section 3.1-3.2,
Theorem 1 and 2] is constructed. Since H®(€2) is a separable Hilbert space, the
finite dimensional subspaces

ﬁfn = span{wy, ..., wn}

for m € N, where (wy)ren C H*(2) is an orthonormal basis of H*(Q), form a
Galerkin approximation for H*(Q2). Observe by density of H*(Q2) in L?*(Q) the

N

family (Hg,)men are also a Galerkin approximation for L?(f2). By [DL92, Chap-
ter XVIII, Section 3.1-3.2, Lemma 1] there are unique solutions u,, € C([0,71]; Hz,)
with s, € L2(0,T; HE,) and
(3.18) (O W) + Byy(t5TUm, wy) = (F,w;)
for all 1 < j < m and ae. t € (0,T), where u7* € HE, are chosen in such a way
that u — ug in L*(Q).

In fact, the solutions ,, can be written in the form

U = Y _ chw;.
j=1
Here ¢, = (cL,,...,c™) are absolutely continuous functions and solve
A Oyem + B(t)em = Fou(t), e (0) =,
where A, = ((wi,w;))1<ij<m, Bm(t) = (By(t;wi,w;))i<ijam and Fy(t) =
((F'(t),w;))1<j<m- We have |[ug’||z2() < clltolz2(q) for some constant indepen-

dent of m. Next observe that if &y € H* (€2), as in our case, then we can take

ﬂgl = Z(ﬂo,wj>wj S ﬁfn
j=1
and see that 4 — 4 in H*(R™) as m — oco. Moreover, this convergence implies
(319) ||ﬂ6”||H6(Rn) S CHQAI:()HHs(Rn)
for some ¢ > 0 independent of m. Now fix m € N, multiply (3.18) by ¢/, and sum
j over {1,...,m} to obtain
(Ortim, i) 2(2) + Boy (L3 T, Dpim) = (F', Opim) 1202

where we used (3.17) and 0,1, € HE, C L2(Q).

Observe that there holds

Ou By (t 3T, Tim) =2B (£ U, Oylin) +/

[ 2@ o)

2 (2 0 2 (y, ) VoL - vsam} dwdy.
Hence, using the uniform ellipticity of 7, the Cauchy—Schwartz inequality and
Young’s inequality show

||6tﬂm||2L2(Q) + 8tB'y(t ; am; ﬂm)

1/2 ~ — = ~
<C <||3t’Y||L°°(Rg)||7||L/oo(R;)||Um||§ls(Rn) te 1||F||2L2(Q)> + EHatumH%Z(Q)
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for some C' > 0 only depending on the ellipticity constant vy and all € > 0. Taking
e = 1/2, we can absorb the last term on the left hand side and after integrating
over (0,t) C (0,T), we obtain

HatﬁmH%?(Qt) + By (t; Um, Um)

~ o~ 1/2 ~ -~
<By(0:im, i) + C (100710 ) IV gy N 3207 122 oy + 1F 32y ) -

T

Taking the supremum over (0,7, using the uniform ellipticity of v and (3.19) we
get

||5tam||i2(QT) + ||ﬂm||2L°°(O,T;HS(R”))
<C (Il g o 3 oy
1/2 ~ -
107 2 @ 1712 g Tl 207 a1y + 1 F 32y ) -

Now the term ||t ||z2(0,7;m®»)) can be bounded from above using the energy
estimate

HﬂmH%w(o,T;m(sz)) + ||ﬂm||2L2(o,T;Hs(Rn)) <C (||ﬂo||%2(sz) + ||FH%2(QT)>
cf. [DL92, Chapter , Section 3.2, eq. (3. or some C' > 0 only depending
f. [DL92, Ch XVIII, Section 3.2 3.40)]) fi C >0onlyd di
0. This then gives
||8tﬂmH%2(QT) + HamH%OC(O,T;HS(]R”)) <C (HﬂOH%{S(R") + ||F||2L2(QT))

for some C > 0 only depending on 7.
By [DL92, Chapter XVIII, Section 3.3, Lemma 3] we know that up to subse-
quences there holds

(i) Um — win L2(0,T; H*(R™))

(ii) and @, — @ in L>(0,T; L*(2))
as m — oo. But [Eval0, Chapter 7, Problem 6] then implies (up to extracting
possibly a further subsequence) that 9,u € L*(Qr) and u € L*(0,T; H*(R"))
with

1022 () + 1o (0,7 1252
<C (Haouzs(w) + llfllizmﬂ)
<C (Iluolre oy + 1S O ey + IF 32 2

TR NIRRTV Hp—"

where C' > 0 only depends on 7. Here we finally used the definition of g, F and
(3.13). This establishes the estimate (3.9) and we can conclude the proof. O

Because of this well-posedness result we make the following definition:

Definition 3.8. Let Q C R™ be an open set, 0 < T < oo, 0 < s < min(1,n/2)
and v9 > 0. Then we define the data spaces Xs(Qr), Xs(Qr) and the class of
admissible conductivities T's ., (R%.) by

Xo(Qr) :={(f,u0) € L*(0,T; H*(R"™)) x H*(R");
Ouf € L*(0,T; L*(R™)), ug — f(0) € H*(Q) },
Xo(Qr) = {f € L*(0,T; H¥(R")); 8, f € L*(0,T; L*(R™)), f(0) =0},
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and
a0l B = (3 € CLCLBE): v satisies (1), 01y € L™ (B,

. and m., € C([0,T]; H**"=2 (R™)) for some &> 0}.
Here, the space C’t’“C’ﬁ(R’TL), k,0 € Ny, consists of all functions which are k-times

continuously differentiable in the time variable t and £-times in the space variable
x.

With this notation at hand, the above theorem can be rewritten as the following:

Corollary 3.9. Let Q C R™ be an open set, 0 < T < 00, 0 < s < min(1,n/2) and
o > 0. Then for all (f,uo) € Xs(Qr) and v € T, (R}) there is a unique solution
Ufue € L°(0,T 5 H¥(R™)) with dyuy,, € L*(Qr) satisfying

(10 (wf,ue — f)||%2(QT) + llwf w0 — f||2Loo(o,T;Hs(Rn))
<C (Iluolge oy + I Oy + 10 Wz 2y + 120,212y )
for some constant C' > 0 independent of f,ug and ug -

Proof. This is an immediate consequence of Theorem 3.6 by taking F' = 0. O

With the well-posedness at hand, we can define the DN map (1.4), which was
introduced in Section 1, rigorously. Similarly as in the nonlocal elliptic case (see
[DROV

4

7] or Appendix A) we define:

Definition 3.10 (The DN map). Let Q@ C R™ be an open set bounded in one
direction, 0 < T < 00, 0 < s < min(1,n/2), 70 > 0 and v € T's 4, (R%}). Then we
define the DN map A by

T
(Ayf,9) ::/0 B, (uy,g)dt

C T
(3.21) ) / / 2 (2, )32 (g, 1)
2 0 R2"

(up(at) —uyp(y, 0)(g(x, 1) = g(y, 1)
|z —y|nt2s

dxdydt

for all f,g € CX((Qe)7), where uy is the unique solution of (1.2).

4. EXTERIOR DETERMINATION

The main goal of this section is to prove Theorem 1.2. We first establish an
energy estimate which allows us to deduce that the Dirichlet energies of suitable
special solutions concentrate in the exterior.

Lemma 4.1. Suppose that W C Q. is an open nonempty set with finite measure
and dist(W,§) > 0. Let uy be the unique solution to (3.7) with f € C*(Wr),
F=0and ug =0. Then

lug = flleeo,7;0200)) + lug = fll20,1;m: ®n)) < CllflL2wr),
where the constant C > 0 does not depend on f € CX(Wr).
Proof. By applying the energy estimate (3.8) in Theorem 3.6, we obtain

g — fH%OO(O,T;LQ(Q)) + flup — f”%?(O,T;HS(]R"))

<C (”atfH%?(O,T;H—S(Q)) + |l diVS(G)’YvSf)H%Q(O,T;H—S(Q))) :
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Since, f is compactly supported in Wr C (€))7 the first contribution in the above
estimate is zero. By [RZ22c, Proof of Lemma 3.1] there holds

| dive(©, VN (Ol < IO lzzaw)

for a.e. ¢ € (0,7) and some C' > 0 only depending on n,s,W and ||v||pes)-
Hence, there holds

s — fH%eo(o,T;Lz(sz)) + fluy — fH%Q(O,T;HS(R“)) < C||f||2L2(WT)

and we can conclude the proof. O

Proof of Theorem 1.2. First, let v denote either of the two diffusion coefficients
1 or ;. Using the Sobolev embedding, we may assume that v € C(Wr). By
[CRZ22, Lemma 5.5], for any xg € W, there exists (¢pn)nveny C C2°(W) such that
lén s ey = 1, l¢nllL2®n)y — 0 as N — oo and supp(¢n) — {zo}. Moreover,
[CRZ22, Proposition 1.5] implies that B, (. +,)(¢n,én) — ¥(20,t0) as N — oo for
any to € (0,7). Next let n € C°((0,T)) and define @y := noy € C(Wr). It
follows that

T T
| B omdi= [ 0BGy ox)dr
0 0

By the dominated convergence theorem we obtain

T

T
(4.1) Jim BV(@N,be)dt:/ n2(t)y(xo,t) dt.
— 00 0 0

Let us now consider the solutions uy to the equation

0w+ divs(©,Vu) =0 in Qp,
u=>N in (Qe)Tv
u(z,0) =0 in Q,

for N € N. By the definition of the DN map (3.21), we have

<A7(I>N,‘1)N> :/ B’y(uN7(bN) dt
(4.2) 0

T T
:/ B,Y(’U,N—(I)N,(I)N)dtdF/ BW((I)N,(I)N)dt
0 0

Next, note that Lemma 4.1 implies

T
<c / sy = B) (s )l 1o ey | v o ) e

. 1/2
<C </o [(un — ‘I’N)('yt)ﬁ{s(wr)dt)

< Ol®n] 220,132 R ))

T
/ BPY(UfoI)N,(I)N)dt
0

= Clnllz2¢o0.mpllonll 2wy,

and hence there holds
T
(43) lim B,Y(U,N—@N,(I)N)dtzo

N—oc0 0

We obtain from (4.1), (4.2) and (4.3) that

T
(4.4) lim <A’Y(I>N’¢’N>:/[; 2 (t)y(xo, ) dt.

N—o0
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Hence, applying the identity (4.4) to v = 71 and v = 72, and subtracting them,
with (1.7) at hand, we deduce

T
/O (v1(mo,t) — ya(x0,t))ndt =0

for all n € C°((0,T)) with n > 0. This implies v1(zo,t) > y2(xo,t) a.e. Inter-
changing the role of «; and 72, we also obtain the reversed inequality and deduce
by continuity that i (xo,t) = v2(z0o,t) for all ¢ € (0,7). Since this construction
can be done for any xg € W, we have y; = 5 in Wr. O

Remark 4.2. Note that we also obtain a Lipschitz stability estimate for the exterior
determination problem with partial data as in the elliptic case [CRZ22]. Moreover,
one can easily observe that in contrast to the DN map A the new DN map N,
which is defined in Section 6, satisfies limN_mO(./\/:yfI)N, D) =0.

5. THE SPACETIME LIOUVILLE REDUCTION
In this section, we derive the spacetime Liouville reduction.

Lemma 5.1 (Auxiliary Lemma). Let Q@ C R™ be an open set bounded in one
direction, 0 < T < 00, 0 < s < min(1,n/2), and V C Q. a nonempty open set.
Assume that v € L>®°(R%) with background deviation m. € L*°(0,T ; H**35 (R"))
satisfies v > vg > 0 for some positive constant vy. Then the following assertions
hold:

(i) For any ¢ € LQ(O,T;FNIS(V)), we have /2, y~1/2 € LQ(O,T;fIS(V))
and there holds
”’YUQwHLZ(O,T;HS(R”)) 5 (1 + ||m’YHL°°(]R;E) + ||m'YHL°°(0,T;HZS'i(]Rn)))

Nl 220,158 (7))

and

Iy 2l 20,1 10 rmy) S (1 +lImyllze @y + 1m0yl oo (0 1112 25 @)
+||m’Y| %ZO(O,T;Hh’ﬁ(R"))) ||¢HL2(O,T;HS(R"))-
(ii) Let u,p € L*(0,T; H*(R™)). Then there holds
to

to
| O u Ve paany dt = [ (=80, (80N ey

t1 t1

to
+ / (g7 2u, 2 ) p2gny dt

t1
for all0 <ty <ty <T.

Proof. (i): First we show that /2y € L2(0,T ; H*(V)) for any o € L2(0,T ; H*(V)).

Decomposing v'/%¢ as m~ +1, we deduce from [RZ22b, Corollary A.7] that there
holds

||71/2¢|‘%2(0,T;H5(Rn))

<C (||mw¢|\2L2(o,T;Hs(Rn)) + ||¢||2L2(0,T;H5(Rn)))

T
60 <0 [ (I e + s llssgay I

+OW||%2(0,T;H5(R"))

pe @) ) 10 gy

< C (14 a3y + 1l o gz gy ) 103 20.2 00 ey
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Hence, we have v/ € L2(0,T ; H*(R")).

Next, recall that if "> 0 and X is a Banach space with dense subset X, then
C((0,T)) ® Xg is dense in L*(0,7;X). Let (pe)eso C CX(R™) be a standard
mollifier and choose a sequence (Yr)reny C C2°((0,T)) ® C°(V') such that ¢ — ¢
in L2(0, T ; H*(V)). The sequence (y*/2%p., )tr, k € N, belongs to L(0, T ; ﬁS(V)),
where ¢, — 0 as k — oo. Hence, if we can show that (%1/ * pek)z[;k — ’yl % in

L2(0,T; H*(R™)) as k — oo, then it follows that y1/2¢ € L2(0,T; H*(V)). We can

estimate
Y29 — (V2 % pe )0kl 20,7115 (R
<|lmytp — mEkll L2071 ®ny) + 1% — Vil 20,7315 @)
<|l(my — mE)0 [l 20,7515 Rmy) + IME (W = )| 200,715 (R )
+ 1Y — Yl (0,7 155 7))

(5.2)

where we have set m§ = My, * Py -

Now, for the second term in the right hand side of (5.2), we can apply the
estimate (5.1), but all the terms involving m§ are uniformly bounded for &k € N
by using the Young’s inequality and the fact that Bessel potentials commute with
convolution. Hence, the second and third term go to zero as k — oo. For the first
term in the right hand side of (5.2), we observe that by [RZ22b, Corollary A.7],

there holds (m~ —m%)y — 0 in H*(R™) as k — oo for a.e. t € (O,T) and
[1(mey — mE)p|| g (e
1/2
<C (”m’YHLOC(R") + HmWHH/zs,n/zs(Rw)||m7||Loo(Rn ) ||1/’HHS(R”)v

for a.e. t € (0,7).

With the above estimate at hand, let us use Young’s inequality again and the
Bessel potentials commute with convolution. Since, m. € L°°(0,T; H?$ 25 (R"))
the term in brackets is uniformly bounded in ¢ and thus Lebesgue’s dominated
convergence theorem implies that (m., —mfj)w — 0in L?(0,T; H*(R")) as k — oo.
Therefore, the assertion follows.

Similarly, one can prove v~ /2y € L2(0,T ; H*(V)) for any ¢ € L*(0,T; H*(V)).
Indeed, it essentially follows from the decomposition y~1/2 =1 — m” and the

fact that the second term has exactly the same regularity properties as m,y More
concretely, from [RZ22b, Proof of Theorem 8.6] and [AF92, p. 156] it follows that

Hmv"‘l
<c(

Lo=(0,T ;H?* 25 (Rn))

Hm’Y”Loo(OT H2S 35 (R™)) + HTn"Y”LOo 0,7 ;H?* 5 (Rn)))
and hence we can repeat the above argument by using the smooth approximation

k+1 this time. Thus, we conclude that v~'/2¢ € L2(0,T; H*(V))
for all ¢ € L2(0,T; H*(V)).

the function

(ii): Note that due to our regularity assumptions we can apply [CRZ22, Lemma
4.1] or [RZ22b, Remark 8.8] in every time slice, to obtain

(0,75, V20) 2 geny = (= A)*/2(v12u), (= A)*2(4"/2)) L2y
- <(—A)5/2mva (—A)S/2(71/2U¢)>L2(Rn)
= ((=A)2(y' ), (=) 2 (' *¢)) L2 @n)

+ <QV’71/2U7 ’71/2§0>L2(R”)a
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for a.e. t € (0,7) and all u, € L?(0,T; H*(R™)), where m., and g, are the func-
tions defined by (3.2) and (5.4), respectively. Finally, note that by the properties
of the fractional Laplacian, the fact that (u,v) — gyuv is bilinear and bounded as
a map from L?(0,T; H*(R™)) x L2(0,T; H*(R")) to L'(0,T; L*(R")) (cf. [RZ22b,
Corollary A.11]) and the assertion (i) all terms appearing in the above identity are
in L1((0,7)). O

Now, we are ready to introduce the Liouville reduction.

Theorem 5.2 (Fractional spacetime Liouville reduction). Let Q@ C R™ be an open
set bounded in one direction, 0 < T < o0, 0 < s < min(1,n/2), v > 0 and
e FSKYO (R%)
(i) If F € L*(Q7), (f,u0) € Xs(Q7) and u is the unique solution to (3.7), then
vi=~Y2u € H'(0,T;L*(Q)) N L0, T; H*(R™)) solves
v) +

O (v o)+ (AP +Q)v=GCG inQr,
(5.3) v=g in (Qe)r,
v(0) = vo in Q,
with G =~y~Y2F € L*(Qr), (g,v0) = (v/2f,7"?u0) € X(Qr) and
Oy . (—A)*m
(5.4) Qy=ay — 2%2 with ¢y = _TQ’Y'

(ii) For all G € L*(Qr), (g,v0) € Xs(Qr), there is a unique solution v €
HY(0,T;L3(2)) N L2(0,T; H*(R™)) to (5.3). Moreover, it is given by v =
Y2, where u is the solutzon to (5.3) with F = ~Y2G, f =~ Y2g and
Ug =7y 1/2

Proof. (i): Note that G € L?(Qr) and by Lemma 5.1, we have g € L?(0,T ; H*(R")),
vo € H*(R™) and v — g € L?(0,7 ; H*(2)). By the assumptions on f,v,u, we have
Oi(y'/2f) € L*(R}) and 9;v € L?(Qr). This implies that

vo = 9(0) = 7"/2(0)(uo — f(0)) € H*(€).
Therefore, we have shown that (g,v0) € Xs(Qr).

Arguing as above we have v has the same regularity properties as u. Thus, it
remains to prove that v solves (5.3). By definition wu satisfies

T
(5.5) —/ uOypp dxdt +/ B, (t;u,p)dt = / Fodzdt +/ uo(x)e(x,0) dx

Qr 0 Qr Q
forall p € C*(22x[0,T)). Observe, as in the case s = 1 (cf. [LSU88, Lemma 4.12]),
the space C'°(Q x [0,7')) is dense in

Wi(Qr) == { ¢ € L*(0,T; H*(Q)); dp € L*(Qr) and p(T) = 0},
which is endowed with the natural norm
||u||%/VS(QT) = HatuH%Z(QT) + ”u”QL?(O,T;HS(]R"))'

In fact, this can easily seen by using a cutoff function in time as in [Brell, Exer-
cise 8.8], and using the density of C°((0,7)) ® C°(Q) in L?(0,T ; H*(2)).
Now as we proved above, the space W (€r) is invariant under multiplication

with either 4'/2 or v~1/2. Moreover, we have
1 72
udep =75 (7" *u)0,
4172 4172

(5.6)

1
( UQU)(’YUQ‘P)@{Y’

Y 1/2
—7(7 w)o (v Fp) — 57
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for all ¢ € W, (Qr). Hence, using the (space) Liouville reduction (see [RZ22b,
Remark 8.8]) in every time slice for all ¢ € W (1), the identity (5.5) implies

T
—/Q uatnpdatdtJr/ (=AM 2u), (—A)*2 (v 20)) dt
- 0
- /Q ¢, (7!Pu) (v ) dadt
T

1/2 1/2
= / Fodazdt + / V2@, 0)uo(@)y 2 (x, 0)p(2,0)
2 Q 7(x,0)

Inserting (5.6), this shows

- [ O i [y, e )
Qr v 0

+ [ (v *u) () dadt
(5.7) or

=/ (v V2F) (2 p) dwdt
Qr
+/vW@@w@wW@mmumm
Q ’Y(J}, 0)
Hence, choosing ¢ = v~ /24 with 1) € W,(Qr), we see that v satisfies

T
—/ 7_lvatwdxdt+/ (=A)* 20, (A 2y dt + | Qe dadt
Qr 0

Qr
- vo ()9 (x,0)
= o Gy dzdt + /Q (@ 0)

for all ¢ € Ws(Q2r). Therefore v is a solution of (5.3) as claimed.

(5.8)
dx,

(ii): Existence and uniqueness of solutions in H(0,7; L?(Q2)) N L?(0, T ; H*(R™))
easily follows from (i) by choosing the data F, f, uo appropriately and observing that
4~1/2 has precisely the same regularity properties as 4'/2. In fact, assume that
v € HY0,T;L%(Q) N L*0,T; H*(R")) solves (5.3). Then as in (i), we deduce
u = y"20 € HY0,T;L*(Q)) N L*(0,T; H*(R")), F := ~Y2G € L*(Q) and
(f,u0) = (v'/%g,7"?v0) € Xo(Qr).

By the definition, v solves (5.8) for any ¢ € W, (7). Replacing ¥ by v'/%¢ and
inserting these definitions of F,ug and f, we get (5.7). Plugging the identity (5.6)
and using the slicewise Liouville reduction, we see that u solves

8tu + divs(@vvsu) =F in QT,
(5.9) u=f in (Qe)7,
u(0) = ug in Q.

Now, Theorem 3.6 gives the existence of such a solution v and by (i) the function
v solves (5.3). On the othere hand if vq, vy are two solutions of (5.3), then arguing
as above we see that u; := v~ /2v; for i = 1,2 solve (5.9). Since solutions to the
nonlocal diffustion equation (5.9) are unique, we deduce that u; = us and thus
V1 = V2. O

Next we want to prove the well-posedness for the diffusion equation derived by
the Liouville reduction and its adjoint equation under the milder assumption G €
L2(0,T; H=%(Q)) but g € C=(()r). Moreover, we will see that u is the solution
to (3.7) if and only if v is the unique solution to (5.3) of the form v = y~'/2u.
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Definition 5.3. Ifu € L}, (V) for some open set V. C R", then we set
uw*(z,t) == u(z, T —t)
for all (z,t) € Vp.
Proposition 5.4 (Well-posedness). Let Q@ C R™ be an open set bounded in one
direction, 0 < T < oo, 0 < s < min(1,n/2), v > 0 and v € T's,,(R}). If
g € C((Q)7) and G € L*(0,T; H=*(QQ)), then there exist unique solutions v,
v* € L*(0,T; H*(R™)) with Oyv and dv* € L?(0,T,; H*(Q)) of
(v )+ (A + Q) v=G inQr,
(5.10) v=g in (),
v(0) =0 in €,
and
O+ (FAF + Q) v =G in O,
(5.11) =g in (91,
v*(T)=0 in £,
respectively. Here Q., is the function (5.4) given by the Liouville reduction.

Proof. Let us prove the uniqueness of solutions to (5.10). Suppose that vy, vy are
solutions of (5.10), and consider ¥ := v; — vq, then ¥ is the solution to

H(y'O)+ (A +Q) V=0 inQp,

(5.12) =0 in ()7,
7(0) =0 in Q.
Multiplying (5.12) by v, then it is not hard to see
(5.13) 8t(7_15)5da:+/ I(— )3/2~|2dx+/ Q.52 dz = 0,
Q n

where the first integral has to be understood as the duality pairing between Hs Q)
and H*(). Meanwhile, notice that the first term of the above identity can be
expressed as

- 0 ~ ~
(5.14) Oy (y ) dx = Et/ 7ol dx —|—/ 152y~ 20, (v~ V/?) da.
Q Q Q
We next plug (5.14) into (5.13), which give rises to
‘;t / U3[2 da +/ (—A)Y/25]2 da
/Q7|v|2dx / 7 Y28,(y V) [0)% da

SC/ v Ho|? da,
Q

for a constant C' > 0 independent of v, where we used that v € C}C,(R%) is
uniformly elliptic with 0yy € L= (R%.).
Thus, we obtain

Ouly /22y <C (at [owras [ <A>S/2a|2d:c)

§C||771/25H%2(Q)7
and the Gronwall’s inequality implies that

Iy =280, )72y < €y T2, 03, 0) G2 () = 0, for t € (0,T),
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where we used the initial condition is 0. This shows v = 0 in Q7 as desired.

When vy € C}C,(R%) is uniformly elliptic with 8;y € L(R%), the proof of
well-posedness of either (5.10) or (5.11) are similar. More precisely, one can use the
relation

(v ) =710 + (v ),

then we are able to rewrite the equation (5.10) as

vy~ Lo + ((fA)S + @0 v=G in Qr,
(515) v=g in (Qe)Ta
v(0)=0 in Q,

where @v = Qy 4+ 0:(v™!) in Qr. Now, it is not hard to see the well-posedness
of (5.15) and (5.11) are the same by reversing the time variable t — T — ¢ as in
Definition 5.3.

Now, by slight modification of the proof of Theorem 5.2 one knows that v is the
unique solution to (5.10) if and only if u is the solution to (3.7) with G = y~1/2F €
L2(0,T; H~*(Q)) and g = v*/2f € L?(0,T; H*(R™)) with ;g € L*(R%). Hence,
applying Theorem 3.6 for the solution u of (3.7), one has u € L?(0,T; H*(R")) with
Oyu € L*(0,T; H=*(Q)), so does v. This proves the assertion. O

Remark 5.5. Note that combining similar arguments as in the proofs of Proposi-
tion 5.4 and Theorem 8.6, one may derive the well-posedness of the initial-exterior
value problem of

(v )+ (A +Q)v=G inQr,
v=g in (Qe)r,
v(0) =0 in £,
under suitable regularity assumptions of Q, g and G. Here the potential Q may not

be of the same form as the function Q- given by the spacetime Liouville reduction
(5.4).

6. NONLOCAL NEUMANN DERIVATIVE AND NEW DN MAPS

Motivated by [DROV17, Lemma 3.3], we define for a given function u the anal-
ogous nonlocal normal derivative in the exterior domain by

Nyu(z,t) = Cn’s/Q'yl/Q(sc,15)71/2(y,1f)u(30’t)_u(y’t> dy, (z,t) € (Q)T,

|z —y|t2e
where C, ; is the constant given by (1.5). We have included a further discussion of

the nonlocal normal derivative and exterior DN map in Appendix A.

6.1. Alternative definition of the DN map. Let us make a new definition of
the DN map:

Definition 6.1 (New DN map for nonlocal diffusion equation). Let Q@ C R" be an
open set bounded in one direction, 0 < T < 00, 0 < s < min(1,n/2), 70 > 0 and
v € Iy, (R%). Then we define the exterior DN map N, by

N, £ g) = / / 2, )y 2 (1)
R27\ (Qe xQe)

(g (a, t)—Uf(y, )y, t) = g(y,t))
‘.’IJ— |n+2s

dxdy dt,
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forall f,g € C((e)7), where ug is the unique solution (see Corollary 3.9 for the
well-posedness) of

Ou+ divs (0, V3u) =0  in Qp,
u=f in (Qe)r,
u(0) =0 in Q2.

Proposition 6.2. Let Q2 C R™ be an open set bounded in one direction, 0 < T < oo,
0 < s <min(1,n/2), o >0 and v € T's ,(R%). Let f,g € C((Qe)1), denote by
uy € L2(0,T; H*(R™)) the unique solutions to

Ou + divs (0, V3u) =0  in Qp,
u=f in (Qe)r,
u(0) =0 in Q.

Let vg € L*(0,T ; H*(R™)) be any function satisfying Oy € L*(0,T; H*()), and
—g € L*0,T; H*(Q)), then there holds

N5 £, 9) / 5’tufvgdxdt+/ B, (uy,vg)dt

(6.1) — "// Y2 (@, )y (y, 1)
Qe XQe
2.8) = f )o@ ) = 9w.1) 4oy
‘m_y|n+25 '

Proof. By the definition (3.1) of the bilinear form B.,, there holds

O T
Wong) == [ ] 2,191 2y, )
2 Jo Jrem\(Q.xQ.)
. (uf(xat) - uf(yvt))(g(xat) - g(y,t

|z —y|nt2s
T
:/ B (ug,g) dt
0

Crs [T
- // Y2 (@, 1)y 2 (y, 1)
0 Qe xQe

(ug (@, t) —up(y, 1)) (g(@,t) — g(y, ¢
| — y|nt2s

) dxdy dt

) dxdy dt.

First note that by writting uy = (uy — f) + f and using (uy — f) (-,t) € H*() for
a.e. t € (0,T), the last term is equal to

Cn,s T 1/2 1/2 (f(l’,t) B f(y,t))(g(l‘,t) B g(y7t))
S [ e dudydt.

|z —y|nt2e
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On the other hand by using cutoff functions 7,, in time vanishing near ¢ = 0 and
t =T but equal to one on the support of g, one obtains

T T
/ B, (uy,g)dt = lim B, (ufg,nmyg) dt
0

m— o0 0

T T
= lim </ B’V(ufvnm(vgfg)) dt+/ B’y(ufaﬁmvg) dt)
0 0

m—r o0

T
=— lim w0t (Nm(vg — 9)) dxdt—l—/ By (uf,vg)dt
0

m—o0 QT

T
= lim O ;M Vg dxdt—I—/ B, (ug,vy)dt
0

m—oo [o
T
= Opusvg dxdt + / B, (ug,vg)dt.
Qr 0

This concludes the proof. O

We next define the DN map for the spacetime Liouville reduction equation by
the corresponding nonlocal Neumann deriative.

Definition 6.3. Let 2 C R™ be an open set bounded in one direction, 0 < T < oo,
0 < s <min(1,n/2), v9 > 0 and v € T's 4, (R}). Then we define the exterior DN
map ./\/Q7 by

(6.2)

Cns [ (vp(z,t) —vp(y,t)(g(x,t) — g(y, 1))
N ’ _ “ns / / JACS) 5 P ) dad dt,
Wo,f.9) 2 Jo Jrem\(Q.x90) |z — y|nt2s Y

for all f,g € C((Qe)r), where vy is the unique solution (see Theorem 5.2 and
Proposition 5.4) of

O (v )+ (A +Qy)v=0 inQr,

v=g in (Qe)r,
and Cy, s is the constant given by (1.5).

To prove Theorem 1.1, let us derive a useful representation formula of (6.2).

Proposition 6.4. Let Q2 C R™ be an open set bounded in one direction, 0 < T < oo,
0 < s <min(1,n/2), vo >0 and v € T's ,,(R%). Let f,g € C((Qe)71), denote by
uy the unique solutions to

(v ')+ (A +Qy)u=0 inQr,
(6.3) u=f in (Qe)r,
u(0) =0 in Q.
Let vy € L*(0,T ; H*(R™)) be any function satisfying Oyvy € L*(0,T, H=*(Q)), and
vy —g € L*(0,T; H*(Y)), then there holds
<NQ’yf7 g>
= (v tuy)vy, dxdt—l—/ (—=A)* 2y (—A) %0, dedt + Q upvg dadt
Qr R% Qr
T — —
2 Jo Ja.xa. v — y[t2s
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Remark 6.5. Observe that the last term in (6.1) is independent of Q.. Therefore,
in this case the corresponding DN map Aq., can be defined by

(Mg, f.9)

= (v uy)v, dadt + / (—A)* 2 (—A) 2, dedt + Q upvg dadt
Qr RZ, Qr
for f,g € C2((Qe)r) contains the same information as N, .

Proof of Proposition 6.4. As in the proof of Proposition 6.2 there holds

M@wﬂm=i/(—AVQUA—AV”WMﬁ

R

Cos /T/ Ul t) = 7o o) = 6w 8) g, gy
0 Qe XQe .

2 o = gl

Next, as in the proof of Proposition 6.2, we use a sequence of cutoff functions
(Mm)men C C2((0,T)) to deduce the identity

/ (—A)* 2up(—A) 2 g dadt

T

= Jim = [ () g (A (v, ~ ) dads

m—o0
T

+ lim (=A)* 2up (=AY 2 () dadt

m— oo n
R

= w}gnoo <_ /Q 'Y_lufat(nm(vg —g)) dzdt + /Q Qs (Mm(vg — 9)) dmdt)
T T
+/ (=A)*Pup(—A)* 20, dadt
R7
= (v tuyp)v, dadt + / (—A) 2up (=AY P, dedt + Q~usvg dxdt.
Qr R7 Qr

This completes the proof. ([

6.2. Relation between DN map and nonlocal Neumann derivative. Let us
consider two arbitrary nonempty open subsets Wy, Wy C W, with Wy N W5 = (),
where W C €2, denotes the open set in the statements of either Theorem 1.1 or
Theorem 1.2. Meanwhile, with the exterior determination result (Theorem 1.2) at
hand, one already knows that y1 = y2 in Wr, provided that A, fly, = Ay, fly,,
for any f € C°(Wr). Adopting these notations, one immediately has ;3 = 72 in
(W1 UWs)r. Then we can derive the following relation.

Lemma 6.6. Let Q C R™ be an open set bounded in one direction, 0 < T < oo,
0 < s < min(1,n/2), 70 > 0 and v; € T~ (R%) for j = 1,2. Assume that
Wi, Wa C Qe are two nonempty open disjoint sets and I' € T's  (R}.) are such that
m(z,t) = y2(x,t) =T(x,t) for all (x,t) € (W1, UWa)r. Then we have

Av1f|(w2)T = A72f|(W2)T for any f € C((Wh)r)
if and only if there holds
Ny, fo9) = (No, f,g)  for any f e C2((Wh)r) and g € CZ(Wa)r).
Proof. We have for any f € C°((W1)r) and g € C°((Wa)r)

T —_ p—
<A7f,g>=cg’s/0 /RM71/2(95,16)71/2(1/,26)(uf(z’t) “(f’_’t;fiﬁgf’” 99:0) e ayar
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by using Definition 3.10. Thus, combining with Definition 6.1, one has that

(A, £,9) =N £,9) / /QQ 72, )
.( ,t) — f|(i/ );igﬁit) 9(y, 1)) dedy dt
64 —(Nu g+ o / / @
ffi,i))igifgst) 9(y,1)) ddy dt
=\, fr9),

where we used that uy = f in (Q¢)r.
On the other hand, one can see that

/ / e e L
Qe xQe x y|

VM2 (g 1y (f(z,t) = fy, 1) (g(z, 1) — g(y, 1))
/ /S; ><Q (y7 t) |fI,' . y|’l’b+28 dxdy dt7

where we used that f € C°((W1)r), g € C°(Wa)r) with 1 = 2 in (W7 U Wa)p
and Wi N Wy = (). Finally, insert (6.5) into (6.4), we can see the assertion is true.
This completes the proof. O

Theorem 6.7 (Relation of DN maps). Let @ C R™ be an open set bounded in
one direction, 0 < T < oo, 0 < s < min(1,n/2), v > 0 and v; € T's,(R%})
for 5 =1,2. Assume that W1, Wy C Q. are two nonempty open disjoint sets and
I' e s, (R}) are such that yi(x,t) = v2(z,t) = [(z,t) for all (z,t) € (W1 UW2)p
and T € C° (W1 UWa)r). Then for f € C(Wi)r),g9 € C((W2)r), we have

<N“/1f7 g9) = <N72f’g>
if and only if
WNa., (TV21), (T2g)) = (N, (V2 f), (T/2g)).
Proof. By the Liouville reduction (cf. Theorem 5.2) there holds

T
8tufvg dxdt + / B (ug,vg)dt
0

/ 00y (9 Pu) (0 2y dad + [ (=)0 ) (- A) A ) das

n
T

1
+/ qw(’ymw)(vmvg)dfcdf—/ 5oz (V' Pup) (v ?vg) dadt
R?, Qr 47

= 8t(7‘1(71/2w))(71/2vg)dwdt+/ (—A) 2 (4 up) (= A)* 2 (420, dwdt

n
Qr T

QM ug) (v 20, dadt + / 0y (7 g ) (M 2y dndt
QT (Qe)T

—(No, (V2 ), (TV2g)) + / 0y (2 F) (72 ) dvdt

(Qe)T

Cn,s r (.f(xat) — f(y,t))(g(fﬂ,t) 7 g(yat))
+T/ /QXQ dxdy dt,

|z —y|nt2e




GLOBAL UNIQUENESS FOR NONLOCAL DIFFUSION 27

since wy := y/?uy solves (6.3) with exterior condition I''/2f and vpi/s, := v'/?v

is an extension of y1/2

holds

g with the same regularity properties as vg. Therefore, there

<N'yf’ g> - <NQW (Fl/zf)a (F1/29)>
- / 0,02 0) 0 ) di
Q )T

n s /‘ / 33 t f(y7t))(9($vt) - g(y,t)) dxdydt
Qe XQe

‘.’E— |n+25
Y2 (@, )y 2 (y, 1)
QexQe
@ t) = fly, D) (g, 1) — 9(y, 1)) dudy dt.

o~ gl v
Since Wi N Wy = 0, it follows that
Ny 1,9) — (N, (T2 £), (11 2g))

=— ”s/ / 1+F1/2(a: O 2 (y, t ))
Qe XQe
e t)g(y, 1) = fy, t)g(z,

|z —y|"t2e

t) dxdy dt.

Now this expression on the right hand side does not depend on the conductivities
and so we see that there holds

<N’y1fa g> = <N’yzf7g> if and Only if <NQ'Y1 fa g> = <NQ—Y2f7 g>7
for any f € C°((W1)r) and g € C°((Wa)r). This proves the assertion. O

6.3. Adjoint DN map. Let us introduce the adjoint DN map which then will be
used to prove a suitable integral identity.

Definition 6.8 (Adjoint DN map). Let @ C R™ be an open set bounded in one
direction, 0 < T < 00, 0 < s < min(1,n/2), 70 > 0 and v € T's 4, (R%). Then we
define the adjoint exterior DN map ./\/(5 by

W 1) = O / [ (s () — s (0 ) o 1) — gt) o

& =yl

forall f,g € C’é’o(( o)1), where uy is the unique solution to

o+ ((FA)P+Qy)v=0 inQr,
v = f mn (Qe)Ta
and Cy, 5 is the constant given by (1.5).

We make the following simple observations:

Lemma 6.9 (Properties adjoint DN map). Let  C R™ be an open set bounded
in one direction, 0 < T < 00, 0 < s < min(1,n/2), vo > 0 and v € T's ,(R%.). If
f,9 € C((Qe)r) and uy is the unique solution to

o+ (A +Q)u=0 inQr,

u=f in (Qe)r,

w(T) =0 in Q
then
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(i) for any any extension vy of g with vy € L*(0,T; H*(R")) and 9, €
L?(0,T, H=*(Q)) there holds

NG, fh9)
=— / Y1 Opu vy dadt + / (=A)*2up (= A)* 20, dadt + Q~ufpvg dadt
Qr R%. Qr
Cnys [T (f(x,t) = fy, D)) (g(z, 1) — g(y, 1))
- dxdy dt,
2 A /QEXQ(i |£C - y|n+25 Y

(ii)
NG, fr9) = Na,g. f).
Proof. (i): This follows from a similar calculation as in Proposition 6.4.

(ii): Let u, be the solution to (6.3) as the exterior data f is replaced by g. Since
uf(T) =0, ug(0) = 0 there holds

/ (B (v M ug)ug + ugy ' 0puy)) dadt = 0
Qr

This immediately shows the claim. O

7. THE GLOBAL UNIQUENESS

We split this final section into several parts. We first establish the integral iden-
tity and the Runge approximations in Sections 7.1 and 7.2, respectively. Combined
with these two statements, one can prove the interior uniqueness in Section 7.3.
Finally, we show the UCP of exterior DN maps, which together with the work of
Section 4 imply the global uniqueness result of Theorem 1.1.

7.1. Integral identity. One of the key material to prove the interior uniqueness
is to derive a suitable integral identity.

Proposition 7.1 (Integral identity). Let Q C R™ be an open set bounded in one
direction, 0 < T < o0, 0 < s < min(1,n/2), vo > 0 and v; € T, (R}) for
j=1,2. Assume that W1, Ws C Q. are two nonempty open sets andI' € T's -, (R%})
are such that vi(x,t) = ya(x,t) = [(x,t) for all (x,t) € (WL UWa)p and T €
C®((W1 NWa)r). Then for f e CX(Wi)r),g € CZ((Wa)r) we have

(Na, —Na,,)f.0) = /

(72—1 — »yl_l)vfatvg dxdt + / (Qyy — Qny)vgvy dadt,
Qr Qr

where vy is the unique solution to (6.3) with v = v1 and vy is the unique solution
to the adjoint equation

=5 w4 (—A)* + Q) w =0 inQy,
w=g n (Qe)r,
w(T) =0 in Q.
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Proof. By Lemma 6.9, Proposition 6.4 we have
(Ng,, —Ng,,)f.9)
:<NQ’ylf7g> - <NQA,2fag>
:<NQa,lfag> - <N572g7f>

- 8t(’yl_1vf)vgdxdt+/ (—A) 20 (=A) 2y, dedt + | Q. vpv, dadt
Qr R2, Qr

_ Cus [T (. t) = F. D) (g2, 1) — 9(y,1))
: /0 /Qeme dwdy dt

o = gl
+ / vy LOpvgvy dudt — / (—A)* 2y (—A) ?vs dadt — / Q, Vv dadt
Q R%: Qp

Cos [T (f(z,t) = fly, D)) (g(z,t) — 9(y, 1))
/(; /QCXQE

i |z —y[n+2e

dxdy dt

= Or(vy tup ), da:dt—|—/

o s O, dudt + / (Qy, = Qua)vgvy dudt
QT QT

Qr
:/ (72_1 - Vfl)vfatvg dzdt +/ (Qyy — Qr,)vgvy dxdt
QT QT

where we used for the integration by parts that v;(0) = 0 and v4(T) = 0. O

7.2. Approximation property. To prove the interior uniqueness result of v, we
derive an approximation property of solutions to the Schrodinger type equations.
First we introduce the source to solution map, which is ususally called Poisson
operator. Assume that 2 C R"™ is an open set bounded in one direction, 0 < T < oo,
0 < s <min(1,n/2), 70 > 0 and v € T'y ,,(R%}) and W C . is a nonempty open
set. With the well-posedness of (5.3), we can define the Poisson operator P, such
that

(71) Py OR(Wp)  HNO.T:L2Q) A L0 B EY), frs vy,
where vy € HY(0,T; L*(Q)) N L%(0, T ; H*(R™)) is the unique solution of

8 (v ) + (A +Q,)v=0 in Qr,
(7.2) v=f in (Qe)r,
v(0) =0 in Q,

with vy — f € HY(0,T; L3(Q)) N L2(0, T ; H*(5)).
Next before studying the Runge approximation for the equation (7.2), let us

recall the UCP for the fractional Laplacian (see e.g. [Gi
functions in H” or [K 2, Theorem 2.2] in H"™P).

J20, Theorem 1.2] for

Proposition 7.2 (Unique continuation for the fractional Laplacian). For n € N
and s € (0,1), let w € H™"(R™) for some r € R. Given a nonempty open subset
W C R"™, then w = (—A)*w = 0 in W implies that w =0 in R™.

Proposition 7.3 (Runge approximation). Let  C R™ be an open set bounded in
one direction, 0 < T < 00, 0 < s < min(1,n/2), vo > 0 and v € I'; o, (R}) and
W C Q. be a nonempty open set. Let P, be the Poisson operator given by (7.1),
and

R:={vy—f; feCx(Wr)}.

Then the set R is dense in L2(0,T ; H*()).
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Proof. By using Theorem 5.2, one has R C L?(0,T; ﬁs(Q)) In order to show
the density, by the Hahn-Banach theorem, we only need to show that for any
F e (L*(0,T; H*(Q)))* = L*(0,T; H~*(Q)), such that (F,w) = 0% for any w € R,
then F' must be zero. Via (F,w) =0 for any w € R, we have

(F,Pyf — f) =0, for any f € C*(Wr).

We next claim that
7.3) (F,P.f—f)=— —N)*2f(=A)*2pdadt, for any f e CZ(Wr),
Y c

where ¢ € L(0,T; H*(R"™)) with 0,0 € L?(0,T; H=*()) (see Proposition 5.4) is
the unique solution of the adjoint equation
=7l + (A +Qy)p=F inQr,
Y = 0 in (Qe)T;
o(T)=0 in Q.
In fact, by direct computations, one has that vy = P, f and
EPf =0 = [ (7 0o+ Q) (o — 1) deds

Qr

+ [ (AP (- 8)2 (o7 — f) dait

=/ (_'7_1at90+Q790)dexdt+/ (=) 2 (—=A)*/ v dudt
Qr

n
T

—/ (=A)*2p (=A)*/2 fdxdt

T

= / (0:(y~"vp) + Qqvy) pdadt + / (—A)* vy (=) dzdt
Qr

n
T

=0, since vy=P, f

_/ (=A)* 2 (—A)*/2 f dadt

T / (—8)"2 (=) f dad,

where we used that v;(0) = ¢(T) = 0 for the integration by parts in the third
equality sign and the integral involving the time derivative has to be understood in
a weak sense. This shows the identity (7.3). Finally, the identity (7.3) is equivalent
to

(—=A)’p=0 in Wry.
Thus, the function ¢ satisfies ¢ = (—A)°¢ = 0 in Wy, by Proposition 7.2, then we

have ¢ = 0 in R%, so that F' = 0 in R%. In summary, we showed that the set R is
dense in L2(0,7T; H*(Q)). This proves the assertion. O

Remark 7.4. Note that

(i) By Proposition 7.3, we know that given any ¢ € L2(0,T; H*(R)), there
exists a sequence of solutions {vy, tren € L*(0,T; HS(R")) (7.2) with
f = fx, such that

— fx = ¢ in L*(0,T; H*()) as k — oco.

2Here (F,w) = fQT Fwdzdt denotes the duality pairing, for F' € L2(0,T; H=*(Q)) and w €
L2(0,T; H5()).
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Since vy, is a solution, by applying Proposition 5.4, we can see that O;vy, €
L?(0,T; H=*(2)). Now assume that the time derivative of ¢ belongs to
L?(0,T; H=5(R)), then we have

lim O(vy, — fr)pdadt = — klim / (vp, — fx)Owp dadt
— 00 Qr

k—o0 Qr

=— POy p dadt
Qr

- / (010)p dadt,
Qp

Jor any ¢ € L2(0,T; H*(Q)) with 8,0 € L2(0,T; H~*(Q)) and ©(T) = 0.
(ii) By using similar arguments as in the proof of Proposition 7.3, one can show
that the Runge approximation holds for the adjoint diffusion equation

Lo + (A +Q4)v* =0 in Qr,
v =g in (Qe)r,
v*(T) =0 in £,
In other words, given a nonempty open set W C €., the set
R* = {v; —g; 9 € CZ*(Wr)}
is dense in L2(0,T ; H5(12)).

7.3. Interior determination and proof of Theorem 1.1. Let us state the
interior uniqueness result.

Theorem 7.5 (Interior uniqueness). Let @ C R™ be an open set bounded in one
direction, 0 < T < o0, 0 < s < min(1,n/2), 7o > 0 and v; € s, (RY) for
7 = 1,2. Assume that W1, Wy C Q. are two disjoint nonempty open sets and
' eI, (R}) are such that y1(x,t) = vo(z,t) = T(z,t) for all (z,t) € (W1 UWa)rp
and T € C*((Wy UWa)r). Then
(74) <N’Y1fvg>:<N’Y2f7g>
if and only if

Y1 =72 and Q’Yl = Q’Yz in Qr.
Proof. Via Theorem 6.7, let g € C°((W2)r), then one has

<N'Ylf’ g> = <N’Y2f7g>
if and only if
(7.5) WNa., (TV21), (T2g)) = (N, (T2 ), (/%g)).
Since I is uniformly elliptic and smooth on (W7 UW3)rp, the condition (7.5) implies
<NQ~,1f’g> = <NQ~,2f’g>
for all f € C°((Wh)r) and g € C((Wa)r). Moreover, by Proposition 7.1, one
has

(7.6) / (vo! — ’yl_l)vfatv; dxdt +/ (Qy, — Qy)vyvy dadt =0,
QT QT

where vy € H := H'(0,T; L*(Q)) N L*(0, T ; H*(R")) and v} € # are the solutions
to

O (v vg) + (A)° + Q) vy =0 in Qr,
(77) ’Uf = f il’l (Qe)T7

vr(0) =0 in Q,
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and
—2 0wy + ((A)° + Q) vy =0 in Qr,
(7.8) vi=g in ()7,
vi(T) =0 in €,
respectively.

Step 1. Q~, = Q~, in Q.

Take ' € Q and ¢ € C°(Q) with |57 = 1. By extending ¢ for all times trivially,
we have ¢ € H. Then take ¢ € C°(2) and apply the Runge approximation
(Proposition 7.3 and Remark 7.4) to find sequences {f;},o; C C((Wi)r) and
{gr}iey € C((Wa)r) such that vy, — fo — ¢ and v}, —gr — 1 as £,k — co. Here
vy, € H and vy € H are the solutions to (7.7) and (7.8) with f = f, and g = gs,
respectively. Hence,

li byt v’ dxdt =0
&klm T(fy2 Y1 )vfZ Vg, dx
and

fim_ [ (@ = Quvgvgdedt = [ (Qyy = Qu)vodadt.

é,k—)oo O

Using that ¢y = ¢, we deduce

| @~ @usdudt=o.

Qp

for any possible ¢ € C°(2r). Thus, one can conclude that @, = @+, in Qp.
Step 2. y1 = v2 in Qr.

Plugging Q., = @, in Qr into (7.6), we have

/ (v3! - 'yfl)vfatv; dxdt = 0,

T

for any f € CX((Wh)r) and g € C((Wa)r). Take @ € Q, n € CX(Q) with
Nlgr = 1 and set ¥(-,t) = tn. By repeating the arguments as in Step 1, with the
Runge approximation at hand, then one can also conclude that

/ (v3 ' =7 Yo dadt = 0,
Qr

for any possible ¢ € C°(Qr). This ensures 1 = 2 in Q. O

Proof of Theorem 1.1. First we apply Theorem 1.2 to deduce that v; = v in Wr.
Then we choose two nonempty disjoint open sets Wy, Wy C W. By Lemma 6.6 the
condition (1.7) implies that the identity (7.4) holds for Wi, W5 as chosen initially.
Now by using Theorem 7.5 we can conclude that v1 = 72, @, = @, in Qp. This
in turn implies

0= Q’Yl - Q’Yg = (*A)S(m’yz - m’h) in Q,

for a.e. t € (0,T"). Hence, by the UCP (see [KRZ22, Theorem 2.2]) it follows that
v1 = 72 in R%. U
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APPENDIX A. DISCUSSION OF NONLOCAL NORMAL DERIVATIVES AND DN MAPS

In this section, we motivate the definition of the nonlocal Neumann derivatives
N, and NQw which underly the Definition 6.1 and 6.3. We restrict here our atten-
tion to time independent functions for simplicity. First recall that from [DROV17,
Lemma 3.3], one has the nonlocal integration by parts formula

/QP(Nsu)vdx—&—/((—A)su)vdx

. Q
oo [ () ~ u() (o) ~0(w)) ,
R27\ (Qe X Q)

2 | — y[nt2s

for all u,v € C*(R"), where

(A.1) Nsu(z) := Ch s /Q mdy

denotes the nonlocal normal derivative for x € Q. and sufficiently regular functions
u: R™ — R. Here C,, s is the same constant given by (1.5).

Next, we want to show that a similar formula holds for the fractional conductivity
operator studied in this work. For simplicity assume u,¢ € C°(R"™) and denote
the duality pairing between H*(R"™) and H~*(R") by (-,-). Then we have

A2 ()12 (
(@iv,(0, 7). ) =5 / L ) — ) 6t0) - ) ey

= &uxfu Y200\ b(2) da
- 2 Rn(/”x_ |n+25(() (y))dy>v (z)p(z)d

S (L _/;(3 (u(e) = ) de ) 2 (3) ) d
—C,.. / ([ ) - o) )2 ot

~ [ L)oo

where we set

1/2
(A2 L) =G @) [ )~ uly) d

e |7 =yt

Now, let us define the (general) nonlocal Neumann derivative by

(A3) Aule) = C @) [ 2y ) )

|z —y|t2e

for x € Q. and sufficiently regular functions u: R™ — R (in this section we write
the superscript v to distinguish it from the normal derivative in (A.1)). With this
definition we have

Cns 1/2( )~ 1/2 (u(z) — u(y))(v(z) —v(y)) "
2 /R%\(n XQ)7 (o)) |z — y|nt2s ey

(A.4)
:/ Liu(z)v(x) da:+/ v(z)NJu(z) dz
Q

e
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To see this, observe that R?™ \ (2, x Q.) = (2 x R") U (2, x Q) and hence

12y 1/2 (o) (82) = u(@))(v(2) —0(y))
/11a2n\(szﬁxszﬁ)7 @) |x — y|7t2s drdy

= 12412 ) = 8O) oy g
= Y x)y Y v(z) dedy
/Rz"\(szﬁxszﬁ) (z) ( )|gj_y‘n+25 (z)

. 1/2 1/2 u(z) — u(y)
V@)Y (W) e v(y) dady
/Rzn\(ggxne) |z — y|nt2s

u(z) — u(y)
:21/ P2 (@) 2 () M) =) o ey
R27\ (Q, x.) |z — y[n+2s

=2 [wto) ([ 2 Bt ay ) a
w2 [ oo ([ o2 Rt dy) an

e

By (A.2) and (A.3) this implies the identity (A.4). From the identity (A.4) we
make the following observations:

(i) There holds

Cns 1/2(5)01/2 (u(z) — uly))(v(z) —v(y)) .
2 /RM\(QMQC)7 @) |z — y[nt2s dzdy

_ /Q N de

for all v € C2° () and so coincides with our weak formulation.
(ii) We have

Cus a2y (00E) — U@ () ()
2 /R%\(Qexszc)7 @) |z — y|nT2s ey

- /Q Lu(x)o(z) de

_Cn,s ’71/2(1')’)/1/2@)
2 /Ran |z — y|n+2s (u(z) — u(y))(v(z) — v(y)) dedy

for all v € C°(Q).

Note that all observations above hold for a general symmetric kernel K (z,y). Com-
bining the assertion (i) and (ii), we see that:

(a) The notion of solutions in the survey article for elliptic nonlocal equations
in [RO16] and the definitions adapted in this article are the same. The
former one have the advantage that one can study solutions to nonlocal
Dirichlet problems, where the exterior conditions f are less regular.

(b) We have

NIf.g) = NTf.9),
whenever g, ¢’ € H5(R") satisfy g — g’ € H*(Q), where N, f is the nonlocal
normal derivative of the unique solution uy to the homogeneous fractional
conductivity equation with exterior value f. Hence, its again well-defined
on the trace space X = H*(R™)/H*(Q).
Moreover, let us point out that in [R
of DN map

o fig) = = [ )

R2n

2b, R7Z22¢] we used the following definition

(us(x) —ur(y))(9(z) - 9(y))

|z — gyt

dxdy
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for all f,g € C2°(€2.). These two are related as follows

(us(x) —ur(y))(9(z) — 9(y))

Cn,s
(f0) =02 0.0+ 5= [ 32y g I ey
_ Cos [ a2y @) = F) o) — 9(0)
O2pa)+ S [ ) ORI dedy

Remark A.1. We may now observe that the additional information on the set
Q. x Q. precisely allows to carry out the exterior determination. This shows that
A, carries more information.

As a matter of fact, the definition /\/’7‘S is natural since it has a clear PDE inter-
pretation although we cannot prove with it our exterior determination result.

Finally, we discuss the situation for constant coeflicient operators like the frac-
tional Schrodinger equation

u=f in Q..

9N

In [GSU20], the authors defined the DN map A, related to this exterior value
problem by

(At g) = / (=) 2up(~A) vy di + /Q qu vy dz

for all f,g € H*(R™)/H*(Q), where uy € H*(R™) is the weak solution to (A.5) and
vg € H*(R™) an extension of g. In the special case g € C¢°(2.) one has

aog) = [ (=D up(-8)"g do,

since we are only integrating over €2 in the potential and so ¢ is only implicitly

contained in the definition of A,. Then they showed in [GSU20, Lemma 3.1]

that if Q@ € R™ is smooth and ¢ € C°(2) this DN map is simply the restric-
tion (—A)%ugsl, (as long as the data f, g are sufficiently regular) and in the case
f € C(Q,) there holds

Agf =Nof =mf + (=8)°flg,

where m(z) = Cp s [, II*Z% (cf. [GSU20, Lemma A.2]). But this implies in this
case that

A=Ay, = NJ=N

If ¢ is possibly nontrivial in the exterior then the notion of solutions to (A.5) is not
affected if one introduces the related bilinear form by

By (u,v) ::/ (—A)s/zu(—A)s/%dI—&—/ quv dz

n

for u,v € H*(R™). This approach was, for example, carried out in [RZ22b] or
[RS20b]. But then the natural DN map becomes

(Rofog) = / (=) 2ug(—A)/ 20, dr + / qu vy da
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for all f,g € H*(R™)/H*(2), where vy is any representative of g. These two
definitions of DN maps are related as follows

(A.6)

<qua g> =<Aqf,g> +/ qufvg dz

e

=(Agfr9) + / qfgde.

QC

Hence, in general if ¢ is not zero in the exterior these two definitions of DN maps are
not equivalent and the latter helps to acquire information in the exterior. Therefore
if (A.6) f, g have disjoint support then they are equivalent and precisely this lack
of knowledge leads to counterexamples to uniqueness (cf. [RZ22a]).
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